
_nesday ,
November S
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Lest we 28 : Fourier Series
and the Spectral There

Luttine
...

· [Sp : Rez] is an orthonormal Josis of 13(2),

· Yeikx : ReEY is
an
Orthonormal Jusis of LE(FTTT)

,

so we may
write any fe(Et,it]) as

f(x)=eirt,e
ikx

:R eie
· Really ,

this" =

"

means they are the some as
-

functions,
lim 11f - [Frein)=
N = X k= - N

Could happen that
at specific e ,

this series diverges .

*

· Parseval's Identity : U : (PEN ,
])->&(2) is
f 1 - Y = Uf.

a unitary map ,
so

I

=< f
, g) = <1

,5):gt

Special case !

Sid : 11 fi=1=Fir
- T



It
may

be that Fourier series does not converges pointwise ,
yet still converges in 12.

Ex : Sawtooth wave

f(x) = X
,

-π[xπ
Im

&
can find Fourier series to be

i
But this diverges at x = it

,
since eith = (-1)"

,
so

: · (It converges everywhere else)
·This is because sawtooth has a discontinuity
at x : It

.

So Former series looks like (I'm tunning real part

get get
k= 1 R= 2 R= 3 k= 4

Gibtsphenomenon : Forier series ascillates

wildly new discontinuity and diverges at discontinuity ,

but still converges in /since "problem area" is

O
she it's just at the point x=

=



Recall :SpectralThereA is called Hermition
,

or self-abjoint

Then A has an
orthonormal basis of eigenvestors,

i
. e .

there is a unitary change-of-basis matrix

which diagonalizes N :

A = UDu
+

= u)" ...x)u +

This still works on 0-tim Hilbert
spaces Conce we understat

"Jiagonal" better(2

Now : let's think about some operators on [P(E,]).

Emultiplicationopetothinga
Mr : ((Ei]) -> [ (ET,3) given 6-1

(Mnf)(x) : = V(f(x)
.
VacET].

· Physics note : if V(x) = X
,
this is the position operator 5 .

check :

· Linear? Let
a

,
be aff , get?

(Mn(af + bg))(x) = V(x)(af(x) + 6g(x)
= aV(x) f(x) + bV(x)g(x)
= aMyf)(x) + b(Mng)(x)



· Does it mup LEET, ii)- LEETT ,iT])?

Yes:

1My fl= fYV(x) +(x)126x
-Th

=<IV1
,
1f1]

Carintit IIIVIII) fl
< & since veLo

,
feL2.

Multiplication operators are
like diagonal matrices.

If v : [1 ,
2

,
... in3- 4 ,

then

7m =[]
then

(Mrf)(x) = v (x) f(x)
,

x = 1
,m

·We love diagonal matrices
· Multiplication operators ore self-abjoint ifVI =VT) :

[f
,M1g) =e* Vigbx=

-π

=

<My f , g) .

E Mnt = Mr
.



:Derivative operators .

1

Consider
p

: (E(ET)"-EE,])
,

which

acts by
(pf)(x) = -i)

&Technically ,
penly makes sense on differentiable

LfeLECETt]) .
Mathematicious

say p
is "densely defined"

Demand : fl-i) =
flit)

, periodic boundary conditions .

Then observe that p is also self-adjoint

< f
, pg) = 2 Fix(-i(()bx

- T

Integration,(i(g-Feats
0+1

po.-=
= [pf , 9).

so p = pt . Spectral theorem suggests we can

diagonalize p ,

:

.e . conjugate by a unitary to

get a multiplication operator·

Next time : The Fourier Transform fix, FIR)
is the unitary which diagonalizes p !
Cunitarity is Parsevals Theorem <f

, g) = <EJt) ,FlyT = Efig)


